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HODGE THEORY AND UNITARY REPRESENTATIONS, IN THE 

EXAMPLE OF SX(2,R). 

WILFRIED SCHMID AND KARI VILONEN 


Dedicated to David Vogan, on the occasion of his sixtieth birthday 


In our paper [3] we formulated a conjecture on unitary representations of reduc¬ 
tive Lie groups. We are currently working towards a proof; the technical difficulties 
are formidable. It has been suggested that an explicit description in the case of 
SL( 2,R) would be helpful. The unitary representations of <SX(2,R) have been 
worked out in great detail, of course, but even in this special case our construction 
of the inner product in terms of the D-module realization is not obvious. 

We begin with a quick summary of our conjecture in the general case of a re¬ 
ductive, linear, connected Lie group Gr, with maximal compact subgroup Xr. We 
let G and K denote the complexifications. The complex group G contains a unique 
compact real form Ur such that Ur C Gr = Kr. Then Ur acts transitively on the 
flag variety X of G, and K acts with finitely many orbits. The points of X corres¬ 
pond to Borel subalgebras b of the Lie algebra g of G. The quotients b = b/[b, b] 
constitute the fibers of a flat vector bundle. Since X is simply connected, we can 
think of f) as a fixed vector space. This is the “universal Cartan”, and is acted on by 
the “universal Weyl group” W. Its dual b* contains the “universal root system” <f> 
and the system of positive roots <f> + , chosen so that [b, b] becomes the direct sum of 
the negative root spaces; b* also contains the “universal weight lattice” A. Further 
notation: lower case Fraktur letters, such as g®, t®, g, refer to the Lie algebras of 
Gr, Ar, G, etc. 

Via the Harish Chandra isomorphism, b* parameterizes the characters \\ of the 
center of the universal enveloping algebra, with \X = Xy if and only if ft = w\ 
for some w £ W. We shall say that a Harish Chandra module M has a real 
infinitesimal character if it is of the form \\ with A £ R Cg>z A. David Vogan, many 
years ago, pointed out that to understand the irreducible unitary representations 
of Gr it suffices to treat the case of real infinitesimal character j3j. Let then M\ be 
an irreducible Harish Chandra module with real infinitesimal character x\- Since 
A is determined only up to the Weil group action, we may and shall assume that A 
is dominant, i.e., 

(1) (a, A) > 0 for all a £ <f> + . 

To determine whether or not M\ underlies an irreducible unitary representation, 
one needs to know if it carries a nonzero gR-invariant hermitian form ( , ) 0K - this 
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question has a simple answer, see below - and, when that is the case, if ( , ) 0K has 
a definite sign. 

Vogan and his coworkers [5] made the important observation that the condition of 
having a real infinitesimal character ensures the existence of a nonzero UR-invariant 
hermitian form ( , ) Ur . If both types of hermitian forms exist, they are explicitly 
related: the Cartan involution 9 : g —> g then acts also on the Harish Chandra 
module M x . and after suitable rescaling of the hermitian forms, 

( 1 2 ) {vi,V2) Bm = (9v i,v 2 ) Br ■ 

The UR-invariant form is easier to deal with, both computationally and from a 
geometric point of view. At the same time the action of 9 on M x can be described 
quite concretely. Thus, if one understands the hermitian form ( , ) Ur , one can 
decide if M x is unitarizable. 

As usual we write p for the half sum of the positive roots. We let V denote the 
sheaf of linear differential operators, with algebraic coefficients, on the flag variety 
A; here X is equipped with the Zariski topology. The sheaf of algebras V can be 
twisted by G-equivariant line bundles, and more generally, by any A £ f)*. It is 
convenient to parameterize the twists so that V x , for A £ A + p, acts on sections of 
the G-equivariant line bundle C X - P —> X with Chern class A — p £ A = A 2 (A, Z); 
for arbitrary A G \) one then defines T>\ by a process of analytic continuation. The 
sheaves T> x are G-equivariant, in the Zariski sense locally isomorphic to T>, and 
every £ £ g acts as an infinitesimal automorphism and thus defines a global section 
of V\. Note that V p = V , and that 2?_ p acts on sections £_ 2 P = canonical bundle 
of A. 

The Beilinson-Bernstein constructiorQ realizes the irreducible Harish Chandra 
module M x , with A real and dominant as in «D> as the space of global sections 

(3) M x = H°(X, M\) 

of an irreducible, A-equivariant sheaf of HA-modules Xi\ - or for short, an ir¬ 
reducible, A-equivariant HA-module. Then g acts on M\ = H°(X,A4\) via 

the inclusion g c —> H°(X,V\). The correspondence between the Harish Chandra 
module M\ and the “Harish Chandra sheaf’ Xi\ extends functorially to all Har¬ 
ish Chandra modules of finite length, with infinitesimal character \ x . Irreducible 
Harish Chandra sheaves M x are easy to describe: they arise from direct images, 
in the category of X>A- m °dules, under the embedding j : Q ^ A of a A'-orbit Q 
in A, applied to a A'-equivariant “twisted local system” Cq ? a on Q , with twist 
A — p. A formal, general definition of Cq.a would lead too far; in the special case 
of Gr = SL{ 2,M) we describe it implicitly in CU1) below, where its generating sec- 

A — 1 

tion will be denoted by tr 0 2 . In any case, the tensor product Oq <g>c Cq,a has the 
structure of a Pg^-module on the A-orbit Q , and the direct image j*(C>Q (8>cC q,a) 
that of a Harish Chandra sheaf: a A'-equivariant 2?A-iRodule on A. In general the 
direct image is not irreducible, but it contains a unique irreducible I?A"Submodulc0, 
and 

(4) M x = unique irreducible submodule of j*(Gq (8>c Cq,a) • 

1 A more detailed summary of the Beilinson-Bernstain construction of Harish Chandra modules 
can be found in [2[ 

2 Since we assumed Gr, and hence also K. to be connected, any 'D^-snbsliea.f of a Harish 
Chandra sheaf is automatically IV-equivai'iant and is therefore also a Harish Chandra sheaf. 
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The realization 0 of irreducible Harish Chandra sheaves is unique. It almost 
sets up a bijection between irreducible Harish Chandra modules M\ , with the 
parameter A of the infinitesimal character as in ©, and A-equivariant, irreducible 
local systems Cq ^, with twist A — p, on A-orbits Q C X - the qualifier “almost” is 
necessary because when A is singular, certain irreducible Harish Chandra sheaves 
have no nonzero global sections. This phenomenon explains why the classification 
of irreducible Harish Chandra modules with regular infinitesimal character looks 
simpler than that of irreducible Harish Chandra modules with singular infinitesimal 
character. 

We shall not attempt to summarize Saito’s theory of mixed Hodge modules 
here. Rather, we shall state the relevant facts, which apply to all members of 
the category of “geometrically constructible” Harish Chandra sheaves Mx - this 
includes in particular the sheaves obtained by the standard 'D-module operations 
applied to TVmodules of the type j*(0q0cCqx) and their XVsubsheaves. A mild 
generalization of Saito’s theorjo puts three additional structures on each object 
Mx . First of all, the weight filtration, a functorial, finite increasing filtration 

(5) 0 c WqA4\ C WiM\ C ••• C W k M\ C ••• C W n M\ = Mx 

by X>A-subsheaves, with completely reducible quotients W k M\/Wk-iMx which 
are themselves objects in the category of Harish Chandra sheaves. Secondly, the 
Hodge filtration, a typically infinite, increasing filtration 

(6) 0 CF a M\ C ••• C FpMx C F p+1 Mx C C Mx = U p > a F p Mx 

by Ox-coherent, A'-equivariant, Ox-submodules. This is a good filtration in the 
sense of ZTmodule theory: let {Vx)d C Vx denote the Ox-subsheaf of differential 
operators of degree at most d; then 

(7) iPx)d F p Mx C F p+d Mx , with equality holding if p » 0 . 

The third ingredient, the polarization on any irreducible Harish Chandra sheaf Mx, 
is a nontrivial Vx x XU-bilinear pairing 

(8) P : Mx x Mx —► C-°°(A R ) . 

Here C _ °°(Ar) refers to the sheaf of distributions on X, considered as C°° manifold, 
and Mx is the complex conjugate of Mx, viewed as TU-module on A', equipped 
with the complex conjugate algebraic structure. 

Morphisms in the category of mixed Hodge modules preserve both filtrations 
strictly: if T : M — >• M is a morphism, then T{F p M) = (TM) PI (F p M), and 
analogously for the weight filtration. We should also mention Saito’s normalization 
of the indexing of the two filtrations. Going back to 0, the Hodge filtration on the 
sheaf Oq 0c on Q is trivial, in the sense that F 0 (Oq 0c Cq : x) = Oq 0c Cqx 
and F_i(Oq 0cCq,a) = 0- Asa sheaf on Q it is irreducible and has weight equal to 
dirnQ. The process of direct image shifts the lowest index of the Hodge filtration 
to a = codim Q, and puts the weights into degrees > dimQ, with the irreducible 
subsheaf Mx having weight equal to dimQ. 

The polarization leads to a geometric description of the UR-invariant hermitian 
form on any irreducible Harish Chandra module Mx- Let w denote the - unique, up 
to scaling - UR-invariant measure on Ar. Like any smooth measure on a compact 
C°° manifold it can be integrated against any distribution. When Mx is realized 


“^Without the assumption of an underlying rational structure, which Saito requires. 
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as the space of global sections of the corresponding Harish Chandra sheaf Mx as 
in dS]), then 


(9) (si,s 2 ) Uk = / P(si,s 2 )w for si,s 2 e H°(X,M\), 

J x R 

does indeed define a UR-invariant hermitian form, as can be checked readily [4]. 
The Cartan involution 9 acts on X and on the set of AT-orbits in X. If 9 fixes 
a particular A'-orbit Q, then it acts on the twisted local systems on Q , and if it 
fixes also the twisted local system Cq : a as in ([3]), then it acts on the sections of the 
direct image j*{Og ®c Cq ? a) and of its unique irreducible subsheaf M\. In this 
sense, the action of 9 on the Harish Chandra module M\ - which relates ( , ) UH to 
( , ) 0E as in d2J) - is visible geometrically. 

Via the global section functor the Hodge and weight filtrations induce filtrations 
on M\, the space of global sections of the Harish Chandra sheaf M wether or not 
the latter is irreducible: 

0 C WqM\ c W\M\ c ••• C W k M x c ••• C W n M\ = M x , 

‘ ' 0 C F a M\ c • • • C F p M x C F p+1 M X C • • ■ C M x = U p > a F p M x . 

The WkM\ are Harish Chandra submodules of M\, and the F p M\ are finite dimen¬ 
sional, A'-invariant subspaces. In the irreducible case the weight filtration collapses 
as was mentioned earlier, M\ in m has weight dirnQ, and the lowest index in 
the Hodge filtration is a = codim Q. We can now state our conjecture. It asserts 
that if M\ is irreducible, the UR-invariant hermitian form is nondegenerate on each 
F p M x , and 

(11) (— l) p ~ a (s, s) Uk > 0 for all nonzero s 6 F p M\ (~l ( F p _iM \) J ~. 


Whenever M\ also admits a gR-invariant hermitian form it would be related to 
UR-invariant one via (j2]), and the resulting hermitian form ( , ) 0R would then have 
a definite sign if and only if M\ is unitarizable. 

The significance of the conjecture is discussed in [4] . While it does not amount 
to a description of the unitary dual of Gr in terms of representation parameters, it 
puts the study of the irreducible unitary representation into a functorial context. 

We now turn to the example of SL{ 2,M). It is conjugate to S17(l, 1) under an 
inner automorphism of SX(2, C), and various formulas have a simpler appearance 
for 517(1,1). Thus we suppose G = SX(2, C), 


Gr = 517(1,1) = 


( 12 ) 


a /3 

— j3 a 


a, fleC, |oj 2 — \P\ 2 = 1 


Kr = 


a 0 
0 a 


a £ C, |a| = 1 


I< = 


a 0 
0 a -1 


a G C* 


and 17r = 517(2). These groups act on the flag variety of G, 


(13) 


A' = P 1 = CU{oo}, 


by linear fractional transformations, and K acts with three orbits, namely {0}, 
{oo}, and C*. In the notation of (1121131) . K acts on C* by a 2 , so C* admits 
two irreducible A'-equivariant local systems, corresponding to the trivial and the 
nontrivial character of the (component group of the) generic isotropy group {±1}- 
This is true both in the scalar - i.e., non-twisted - and twisted case. Since K is 
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connected, the two point orbits admit only the trivial irreducible A'-equi variant 
local system. The Cartan involution, 

(14) 9 = conjugation by 



is inner, it preserves each of the three orbits and the A'-equivariant local systems on 
them. Thus all irreducible Harish Chandra modules with real infinitesimal character 
admit both Ur- and gg-invariant hermitian forms. 

The dual 1)* of the universal Cartan can be identified with C so that A = Z, 
$ ^ {±2}, and p = 1. With this identification an infinitesimal character \x is real 
in the earlier sense if and only if A £ R, and A £ R is dominant if and only if A > 0. 
The standard .S^-triple 


(15) 





spans g over C, with t spanned by h, and satisfies the conjugation relations e+ = e_ , 
h = —h. The elements of this triple operate on the sheaf of algebraic functions on 
CU{oo} by infinitesimal left translation. One computes readily that via this action, 


(16) 


e+ 



For example, e+ acts on f(z) by the derivative with respect to t, at the origin, of 
/(exp(— t e + )z) = f(z — t), resulting in the formula ( e + f){z ) = —z^(z)- the other 
cases are treated similarly. 

The G-equivariant line bundle £2 coincides with the tangent bundle of P 1 , so we 
can identify (fTOl) with a basis of the space of global sections of £ 2 - However, for 
notational reasons, we choose the new symbols 02 , do, &- 2 , corresponding to e+, h, 
e_, in that order. Then d 2 vanishes to second order at 00 , a -2 vanishes to second 
order at 0, and do has first order zeros at both 0 and 00 , and these are the only 
zeroes in each case. Moreover, 


e+ 02 = 0 , ha 2 = 2 02 , 
(17) e + cr 0 = 2(j 2 = -z~ 1 a 0 , 

e+cr -2 = ctq = -\z~ x a- 2 , 


e_ ct 2 = -er 0 = \ z o 2 , 
h do = 0, e_ cr 0 = 2 cr _2 = —zao, 
ha-2 = —2cr_2, e_ cr_2 = 0, 


as can be read off from (1161) . The [/R-invariant measure on P 1 is 
(18) to = (1 + \z\ 2 )~ 2 dzdz. 


The coefficient of dz dz in this formula can be interpreted as the squared length of 
with respect to the t/R-invariant hermitian metric, or equivalently, the squared 
length of cr2 relative to the ^R-invariant hermitian metric on the line bundle £2. 
Thus 


(19) 


I <^2 I = 


1 + N 2 ’ 


Foil = 


2 \z\ 


F-2 = 


1 + \z[ 


describes the length, as measured by the t/R-invariant metric on £2, of the three 
sections <72, cro, d_2- 

As was mentioned already, there exist two irreducible A'-invariant local systems, 
with twist A — p, on the A"-orbit C*, corresponding to the trivial and the nontrivial 
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character of the generic isotropy subgroup {±1} of K. The corresponding Harish 
Chandra sheaves can be realized as 


A — 1 


Me-, A,even = { f (z) CTg 2 \ f € C(z) } , 

Mtc*, A,odd = { f(z) Z 1/2 cr 0 ~ I / e C(Z) } . 


,even 


These are Zariski-locally defined algebraic functions, multiplied by the “section” 

A — 1 A — 1 

cr 0 2 of the formal power C 2 2 , either on C* (in the even case), where the section 
is well defined, or its twofold cover (in the odd case). As such they are naturally 
PA-modules on C*, and then, via the direct image functor corresponding to the 
open embedding C* C C U {oo}, on all of C U {oo}. How V\ acts is not so relevant 
for us, but the action of g C T D\ is. That action is given by the product rule, with 
0 acting on f(z) or z 1 ^ 2 f(z) according to the formulas (fTUl) . and on the formal 
powers of exo according to (ED- Since <jq has first order zeroes at 0 and oo, 



( 21 ) 


In particular, Me-, a, even is reducible if and only if A is an odd integer, whereas 
Me-, a, odd reduces if and only if A is even. 

We recall that the sheaves when restricted to C*, are irreducible and have 
weight one, which is the dimension of C*. That remains correct for these sheaves 
on all of C U {oo} when they are irreducible: 

Wo Mite* A,even = 0 and Wx Me*, A,even = Mlc*, A,even if A ^ 2Z + 1 , 

( 22 ) 

W 0 Me*, a, odd = 0 and Wi Me*, A,odd = Ale*, a, odd if A ^ 2Z. 

In the reducible case, 

Wo Me*, 2m+l,even — 0? W\ Mle*, 2m+l,even — &W 1 (C 2 m) ; 

^ and IA 2 Ale*, 2m+l,even — Mle*, 2m+l,even > 

Wo Me*, 2m, odd = 0, Wi Af C*, 2m,odd = Opl(C 2m -i) , 
and W 2 Mlc*, 2m, odd = Mlc*, 2m,odd ■ 

To justify these descriptions of the weight filtrations one should notice that ex™ can 
be viewed as a section of = C 2m , and z^^Og 2 as a meromorphic section of 
Ci. The quotients gr W2 Me*, 2 m+i,even and gr W2 Me*, 2m,odd are Harish Chandra 
sheaves supported on {0, oo}. We shall discuss these later. 

The Hodge filtration for the sheaves (l20l) starts at level a = 0, since that is the 
codimension. In general the Hodge filtration of the direct image under an open 
embedding is governed by the - not necessarily integral order of poles. The case 
of C* c —>• C, and analogously for C* 4 C” U {°°}j is especially simple: poles of 
order < 1 have Hodge level 0, those of order < 2 have Hodge level 1, and so forth. 
Thus, in view of (120121 f) . for n € Z and p > 0, 



for all n € Z and p > 0. In the reducible case, there is a connection between the 
induced Hodge filtrations on the quotient sheaves and the intrinsic Hodge filtrations 
on the quotients; this, too, will be described later. 
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We now turn to the polarizations of the sheaves Me*, 2 n+i,even, Ale*, 2 n+i,odd and 
the resulting hermitian forms on their spaces of global sections. On the AT-orbit C* 
these sheaves are always irreducible, and the only possible hermitian pairing of the 
type ((HI) on C* is, up to scaling, 


(25) 


f( z ) a o 2 , 5(^o 2 


= f{z)g(z)\\a 0 


I A—1 


which is a real analytic function, and thus distribution, on C*. This is correct in 
both cases, if we take f,g& C (z) in the case of Me*, 2 n+i,even, and /,j 6 z 1 ^C(z) 
in the case of Me*, 2 n+i,odd; CPU) makes the last factor on the right explicit. The 
two sheaves were defined as the X>A-module direct image under the open embedding 
C* 4 CU { 00 } which, as always in the case of open embeddings, coincides with 
the 0-module direct image. The general theory ensures that 

(26) f(z)g(z)\\a 0 \\ X ~ 1 

A —1 

makes sense as global distribution on C U { 00 }, for all global sections f(z ) er 0 2 , 

A — 1 

g(z) 0 q 2 , provided the sheaf in question is irreducible. 

To see how this works out in the current setting, applied to the spaces of global 
sections Me* 2 n+i,even, Me* 2 n+i,odd of the two sheaves, we note that 


(27) 


-Me*, a, even has basis { z n <7 0 2 | n GZ} , and 

A — 1 

Me* a, odd has basis {z n 0 o 2 | n£Z + l/2}. 


For reasons of radial symmetry we only need to consider the integral of the expres¬ 
sion (EB1) over C U { 00 } against the t/jR-invariant measure w when / and g are the 
same basis element. With the convention of m , with n denoting either an integer 
or a true half integer, and using (1181191) . we find 




,z 0 n 


)ur 


1 2 n 


/ CU{oo} 


Nil 


A—1 


UJ = 


(28) 


12n+A—1 


„2n+A 


/cu{oo} (1 T \z\ ) 


2\A+1 


= 47T 


dzdz = 8 tt 


i n+ (A—i)/ 2 du 
u+i 


dr 


(1 


r 2\A+l 


Jo (1 + U ) ; 

This integral converges if and only if — (A+l)/2 < n < (A+l)/2. Since the integrand 
is positive, the integral has a strictly positive value in the range of convergence. 

To continue the integral meromorphically beyond the range of convergence one 
uses integration by parts. Formally, for s, t G K, 

(29) , ru-'du _ r u°du 

Applying this identity with s = n+(A+l)/2 and t = A+l, one finds that the integral 
changes sign and becomes strictly negative for —(A + 3)/2 < n < —(A + l)/2. The 
same argument, with —n substituted for n, shows that the integral is also strictly 
negative for (A + l)/2 < n < (A + 3)/2. Then the pattern continues: when n 
is negative and decreased by one, or if n is positive and increased by one, the 
integral changes sign. Poles occur when A is an odd integer in the even case, or 
an even integer in the odd case i.e., exactly when the module becomes reducible. 
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That is what must happen, of course; the polarization is well defined only in the 
irreducible range. The preceding discussion can be summarized succinctly in terms 
of the Hodge filtration: with e referring to either the even or the odd parity, in the 
irreducible range, 

s e Fq ^C*,A,e => the integral defining (s, s) UR converges 

=► (-l) p (s,s) UH > 0; 

cf. (El) . The second statement is the assertion of our conjecture in the case of the 
open K -orbit C* 

The change in sign is directly related to a change in the weight filtration. Let 
Ao > 0 be reduction point i.e., a positive odd or even integer, depending on 
whether the parity is even or odd. In terms of the basis m, with the same 
convention of letting n refer to an integer or true half integer, depending on the 
parity, 

(31) WiMc»A 0 ,e has basis {z n a 0 2 \ — (A — 1) < 2n < A — 1} . 

Thus, as the parameter A crosses the reduction point Ao going from left to right, 
the sign of (z n a 0 , z n oo)u* remains the same if and only if z n cq £ Wi Mc*,\ 0 , e - 
This is one instance of a general fact. As the parameter for a family of induced 
representations crosses a reduction point, the sign changes of ( , ) are governed 
by the weight filtration - that is the assertion of the Jantzen conjecture proved by 
Beilinson-Bernstein [1] . The jumps of the Hodge filtration at the reduction point 
line up with the weight filtration, to produce exactly the sign changes predicted by 
our conjecture. 

When A = m > 0 is a positive integer and e denotes the opposite parity, i.e., 
the parity of m + 1, the Harish Chandra module W\ Me*, m,e has dimension m , and 
the integral (El) converges for all basis elements: this is the usual description of 
the positive definite t/jj-invariant inner product on the irreducible m-dimensional 
representation. For A = 0 and e odd, W\ Me* m , e reduces to zero. The correspond¬ 
ing sheaf W\ M c* o.odd is the one and only irreducible Harish Chandra sheaf for 
Gr = SU( 1,1) without nonzero sections. 

The two singleton orbits {0}, {oo} are related by an outer automorphism of 
Gr = 517(1,1). Thus it is only necessary to discuss the orbit {0}. Since K fixes 
the origin, it must act on the geometric fiber of any 2>\-module supported at {0}, 
and that forces an integral twisting parameter: 

(32) A = to £ Z>o • 

In the untwisted case, the only irreducible (D-module supported at the origin in C 
is the one generated by the “holomorphic delta function”, 

(33) V C S 0 = C[z,z- l ]/<C[z\. 

Thus <5 0 = z -1 , and the SL 2 -triple (flBl) acts according to the formulas 

(34) h S 0 = 2Sq , e_ Sq = 0 , 

with e+ acting freely, by normal differentiation. The section of C 2 in (1161) is 
nonzero at the origin and is iF-invariant, and this leads to a description of the sheaf 
A4{ 0 }, m > or equivalently, to its space of global sections M{ 0 }. m , 

(35) M{ 0 }, m has basis { (^r So) c4 m-1)/2 | n>0}; 
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here 1 ^ 2 can be viewed as a section of C m - 1 , a section that is regular and 
nonzero except at oo. The S^-triple e+, h, e~ acts by the product rule, on 5o 
according to (fTOl) and (1M1) . and on af 1 1 ^ 2 according to Oil)- In particular, 

„ (I d" X _(m-l)/2'\ _ ( d n+1 X ^ _(m-l)/2 

e +{\d^ d 0) a 2 ) ~ - 00j CT 2 

( 36 ) ^ ((^^o)^ m_1)/2 ) = (2n + 77i + l)(^^ r <5o)4 m_1)/2 . 

e - ((ii^o)e4 m_1)/2 ) = «(” + 1 )(i7^r 5 o)o-2 m_1)/2 » 

as can be checked readily. 

The inclusion {0} C U { 00 } is a very special case of a closed embedding. 
In general the ZTmodule direct image of an irreducible module under a closed 
embedding remains irreducible, so the weight filtration collapses. The effect of 
closed embeddings on the Hodge filtration also has a simple description: the Hodge 
index is increased by the order of normal derivative. In the case of this 

means 

WqM { 0 }, to = 0 },m > 

(37) 

F P M{ 0 }, m has basis { (jps <$o) <r^ ri ~ 1)/2 \ 0<n<p-l}, 

because the weight equals the dimension of the support, and the Hodge filtration 
starts at the codimension of the support. 

The polarization pairs So and So into <5 r.o, the delta function in the usual sense 
on C = R 2 . It also pairs ^ 2 and its complex conjugate into || 1 - )// “|| 2 = 

11cr 2 || m—1 = (1 + |r| 2 ) _m + 1 ; a s follows from (fl9l) . Thus 


(38) 


( i d k X 'v_.("*- 1 )/ 2 ( d e s w (m-l)/2 , _ f 

y\dJZ l ' > 0) <J 2 > Vdz T °°) (J '2 ' u « — / 

J CL 


d* d‘ 
dz k dz £ 


\<T‘ 


(m -!)/2 .1 2 


d k 

dz k dz e - 


' CU{oo} 

_ IF (1 + N 2 ) - ” 1-1 <W) dzdz = ^^(l + M 2 )- m - :1 

/ CU{oo} 

vanishes unless k = £, in which case 

(m—1)/2 ■- -r-r k 


i,0 W 


z=0 


(39) ((£,S 0 )ai m - 1)/ \(i w So)4 


: )u K = (— l) fe fe! (m + j) . 


That, of course, is consistent with our conjecture in this particular instance. 
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